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Two-sided matching markets with correlated random preferences

have few stable pairs

Claire Mathieu

CNRS

Stable matching in a community consisting of N men and N women is a classical combinatorial
problem that has been the subject of intense theoretical and empirical study since its introduction
in 1962 in a seminal paper by Gale and Shapley.
In this paper, we study the number of stable pairs, that is, the man/woman pairs that appear in
some stable matching. We prove that if the preference lists on one side are generated at random
using the popularity model of Immorlica and Mahdian, the expected number of stable edges
is bounded by N ln(N) + N, matching the asymptotic value for uniform preference lists. If in
addition that popularity model is a geometric distribution, then the number of stable edges is
O(N) and the incentive to manipulate is limited. If in addition the preference lists on the other
side are uniform, then the number of stable edges is asymptotically N up to lower order terms:
most participants have a unique stable partner, hence non-manipulability.
This is joint work with Hugo Gimbert and Simon Mauras.
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Optimisation convexe et non-convexe pour l’apprentissage

statistique

Francis Bach

Inria et ENS

L’apprentissage statistique se formule naturellement comme un problème d’optimisation, qui

cherche à minimiser le taux d’erreur sur les données observées, typiquement de grande taille. Si

pour les modèles linéaires, la fonction objectif est convexe, elle ne l’est pas pour des modèles non-

linéaires comme les réseaux de neurones. Dans cet exposé, je présenterai certains développements

récents liés à ces deux situations.
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Some optimization issues in the new electrical system

Nadia Oudjane

EDF-Lab

With the emergence of new renewable energies (as wind or solar generation), the electrical
system is evolving from a situation based on controllable power plants (thermal, gas, hydro,
etc.) connected to the transmission network to a new setting, where substantial uncontrollable
generation facilities are connected to the distribution network, closer to the consumers. To con-
tribute to this transformation, new local actors are rapidly multiplying potentially involving a
great variety of devices: uncontrollable renewable generations; storage devices (batteries, Elec-
tric Vehicles smart charging systems, . . . ); conventional plants (such as gas turbines or hydro
plants); possibilities to adjust some consumers load (e.g. demand response, or direct control).
In this new context, energy utilities are facing new practical issues requiring to develop suitable
mathematical optimization tools.
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How to discretize the total variation?

Antonin Chambolle
CMAP, CNRS, École polytechnique, IP Paris

This talk will address standard and less standard approaches for discretizing the total variation,
widely used as a regularizer for solving inverse problems in imaging. It is used for recovering
functions with discontinuities (edges) and therefore standard numerical analysis, usually based
on the smoothness of the solutions, yields sub-optimal error bounds for such problems. The talk
will address some workarounds, discussing primal and dual discretizations, isotropy issues, error
bounds. (Based on joint works with C. Caillaud and T. Pock.)
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Pontryagin maximum principle for optimal sampled-data control

problems

Gaurav Dhar

Université de Limoges

Joint work with Loïc Bourdin

Keywords : Optimal control, Pontryagin maximum principle, sampled-data control, optimal sam-
pling times, Hamiltonian continuity, running state constraints, bouncing trajectory phenomenon.

Established in the 1950s by Pontryagin et al., the Pontryagin maximum principle (in short,
PMP) is a fundamental result in optimal control theory. It gives first-order necessary conditions
for the optimal control among all permanent controls, that is to say when the value of the control
can be changed at any moment in time. However, in practice the optimal permanent control of
a given system is in general unrealizable. For this reason sampled-data controls, for which the
value of the control can only be modified a finite number of times, are often implemented in
Engineering and Automation. Recently Bourdin and Trélat have obtained in [1] a version of the
PMP for optimal sampled-data control problems with fixed sampling times.

The work [1] does not take into account the possibility of free sampling times, where one is al-
lowed to optimize the sampling times when the control can be modified in addition to the control
values. We present a new version of the PMP for optimal sampled-data control problems with
free sampling times where the additional necessary condition for the optimal sampling times
coincides with the continuity of the Hamiltonian function (see [2]). Recall that this property is a
well-known fact for optimal permanent controls. Therefore, our result asserts that the continuity
property is recovered in the case of optimal sampled-data controls with optimal sampling times
and it can be used, for example in shooting methods, to determine the optimal sampling times.

Finally we give a new version of the PMP for optimal sampled-data control problems with
running state constraints (see [3]). The statement of the PMP is more involved since the adjoint
vector is now described as a function of bounded variations. However, in the case of sampled-data
controls, we find that, under certain general hypotheses, the optimal trajectory only contacts the
running inequality state constraints at most at the sampling times also known as the bouncing
trajectory phenomenon. Thus the adjoint vector only experiences jumps at most at the sampling
times (and thus in a finite number and at precise instants) and its singular part vanishes.
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Convergence Analysis of Single-call Extra-Gradient Methods

Yu-Guan Hsieh

LJK, Univ. Grenoble Alpes

Keywords : Variational Inequality, Extra-Gradient, Equilibrium

Variational inequalities (VIs) offer a flexible framework for modeling equilibrium problems, with
applications ranging from economics, game theory to machine learning, among others. In this
setting, the optimal O(1/t) rate is achieved by the Extra-Gradient (EG) algorithm of Korpelevich
[3] when the involved operator is monotone. However, EG requires two oracle calls per iteration,
incurring an extra cost that can be significant in some applications. Aiming to alleviate this
cost, several algorithms have been proposed as surrogates of EG with only a single oracle call
per iteration, with notably the example of Popov’s modified Arrow-Hurwicz method [4].

In this talk, we (i) develop a synthetic view of such Single-call Extra-Gradient (1-EG) algorithms,
and (ii) show that they enjoy similar convergence guarantees as the standard EG algorithm
for both deterministic and stochastic problems. Most importantly, we prove in [2] that the last
iterate of 1-EG methods enjoys O(1/t) local convergence to solutions of stochastic, non-monotone
problems satisfying a second-order sufficient condition. The algorithms that are covered include
the optimistic gradient method [1], the reflected gradient method and naturally Popov’s modified
Arrow-Hurwicz method [4].

Monotone Strongly Monotone

Ergodic Ergodic Last Iterate

Deterministic
✞

✝

☎

✆
1/t 1/t e−ρt

Stochastic 1/
√

t
✞

✝

☎

✆
1/t

✞

✝

☎

✆
1/t

Table 1: The best known global convergence rates for EG and
1-EG methods for smooth operators. A box indicates our con-
tribution conerning the analysis of single-call methods.
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Figure 1: EG is the de facto stan-
dard algorithm for monotone VIs as
gradient diverges in a simple bilinear
game minθ maxφ θφ.
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a Randomized Proximal Gradient Method

with Structure-Adapted Sampling

Franck Iutzeler
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Keywords : Coordinate Descent, Nonsmooth Optimization, Identification

Many applications in machine learning involve nonsmooth optimization problems. This nons-
moothness brings a low-dimensional structure to the optimal solutions. In this talk, based on
[3], we propose a randomized proximal gradient method harnessing this underlying structure.

1: for k = 1, . . . do

2: yk = Q
(

xk − γ∇f
(

xk
))

3: zk = PSk

(

yk
)

+(I−PSk)
(

zk−1
)

4: xk+1 = proxγg

(

Q−1
(

zk
))

5: end for

Adaptive subspace descent Our problem writes

min
x∈Rd

f(x) + g(x)

where f is a smooth strongly convex function and g is
convex possibly non-differentiable. Let us examine the
algorithm on the right:
• if PSk = I and Q = I: this algorithm boils down to the proximal gradient method PGD.

• if PSk is an i.i.d. sequence of projections and Q = E[PS1 ]−
1

2 : this algorithm leads to a ran-
domized subspace descent method RPSD for which we prove linear convergence.
• if PSk is adapted to the structure of xk (for instance, its sparsity). Then, we can show that if
we do not allow too harsh changes, we obtain a linearly converging randomized algorithm ARPSD

that automatically adapts to the structure of the iterates.

Applications Coordinate descent methods are very popular for large machine learning prob-
lems [1] but were limited to separable nonsmooth terms until recently [2]. In addition, adaptive
randomized methods were almost non-existing and only heuristic, our work is the first to consider
adaptive randomized descent for general composite problems backed by theory.
Let us consider the problem of logistic regression with 1D Total Variation regularization. The
obtained iterates and solutions are thus constant by blocks and thus sparse by jumps. We see
below that adaptively projecting the updates onto sets with the same block structure as the
iterates brings a computational advantage in terms of directions explored.
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A lagrangian discretization for mean field games with congestion:
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Variationnal mean field games are differential games where an infinite number of players mini-
mize a global energy accumulated during their movement inside a domain. Although these games
usually arise in [2] from finite differential games as the number of players go to infinity, one can
also consider terms in the energy depending on the density of the population (and have there-
fore no meaning for a finite population). These terms usually force players to move away from
"congested zones", where the density is too high. Optimal strategies for these mean field games
are often numerically found in a "eulerian way", by approximating the optimal densities at a
finite number of time steps, and propagating from time step to time step, which necessitates an
ad-hoc time discretization of the transport equation verified by the mean field game, and can
be challenging.

The approach I would like to talk about is a more "Lagrangian" one, where one approximate
the behaviour of the population with the strategies of a finite number of players. The main
hinderance here is the term penalizing congestion, which is only finite when the population ad-
mits densities at all time. A way to circumvent this problem is to replace it with one essentially
penalizing the distance to the set of measures not congested. This is inspired by a similar work
on the incompressible Euler equation in [3]. Time discretization is simply done by considering
only piecewise affine movements for the players.

I would give a definition for this term in a general case, using a Moreau-Yosida approximation for
the Wasserstein distance. It can be numerically computed, by solving a smooth concave problem,
with computations very reminiscent of the ones in [1] for semi-discrete optimal transport .
Such a term defines an energy, finite at discrete measures, and the optimal, discrete, strategies for
this new game converge in some sense to optimal strategies for the initial, continuous, mean field
game. I would also show a more "observable" convergence for the Moreau-Yosida approximations
and some numerical simulations to go with it.

References

[1] Jun Kitagawa, Quentin Mérigot, and Boris Thibert. Convergence of a newton algorithm for
semi-discrete optimal transport. arXiv preprint arXiv:1603.05579, 2016.

[2] Jean-Michel Lasry and Pierre-Louis Lions. Mean field games. Japanese Journal of Mathe-

matics, 2(1):229–260, Mar 2007.

[3] Quentin Mérigot and Jean-Marie Mirebeau. Minimal geodesics along volume-preserving
maps, through semidiscrete optimal transport. SIAM Journal on Numerical Analysis,
54(6):3465–3492, 2016.



Journées SMAI MODE 2020 Paris-Saclay, 25-27 mars 2020

Parameter Estimation for Dynamic Resource Allocation in

Microorganisms: A Bi-level Optimization Problem

Térence Bayen

University of Avignon

Joint work with Francis Mairet

Keywords : Optimal control, Bi-level optimization, Microbial growth, Pontryagin’s Principle

Given their key role in almost all ecosystems and in several industries, understanding and pre-
dicting microorganism growth is of utmost importance [1]. In compliance with evolutionary
principles, coarse-grained or genome-scale models of microbial growth can be used to determine
optimal resource allocation scheme under dynamic environmental conditions. Resource alloca-
tion have given important qualitative results, but it still remains a gap towards quantitative
predictions. The first step in this direction is parameter calibration with experimental data.
In this work, we present a coarse-grained model describing how microalgae acclimate to a change
in light intensity. Fitting this model results in a bi-level optimization problem,

min
(kP ,kR)∈C

n
∑

j=1

‖x̄j − xū(tj)‖
2 s.t.

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

dc
dt

= kP p− kRcr − kP pc,

dp
dt

= ukRcr − kP p
2,

dr
dt

= (1− u)kRcr − kP pr,

ū(t) ∈ argmaxu(·)
∫ T

0 kP p(t) dt,

0 ≤ u(t) ≤ 1 a.e. t ∈ [0, T ],

(1)

(2)

in which c, p, and r represent respectively the proportion of carbon reserve (precursors), photo-
synthetic machinery (e.g., the light-harvesting complex LHCII), and gene expression machinery
(e.g., ribosomal proteins), x := (c, p, r), and u(·) is the allocation of protein (the control vari-
able). Experimental measurements yield to the values of x̄j . The set C ⊂ R

2 is compact and is
the admissible set for parameters of the model.
We shall first determine using Pontryagins’ Principle and numerical simulations the optimal
strategy, corresponding to a turnpike with a chattering arc. Then, a bi-level optimization problem
(as above) is proposed to calibrate the model with experimental data. To solve it, a classical
parameter identification routine is used, calling at each iteration the bocop solver to solve the
optimal control problem (by a direct method). The calibrated model is able to represent the
photoacclimation dynamics of the microalga Dunaliella tertiolecta facing a down-shift of light
intensity.
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Many problems in machine learning or linear inverse problems are formulated as composite
non-smooth optimization problems. The non-smoothness is chosen to enforce some desirable
structure on the solution, but it also affects the iterates produced by optimization methods.
In this talk, we discuss the conditions under which the Proximal Gradient algorithm and its
accelerated counterpart [1, 2] are able to collect this structure and how they do so.

Identification We are interested in solving minx∈Rn f(x) + g(x), where f is a differentiable
convex function and g is a convex function, generally non differentiable.
As previously mentioned, the non-differentiable function g is chosen to enforce some structure on
the optimal solution. For example, coordinate sparsity is enforced by taking g as the ℓ1-norm,
and yields more interpretable models for linear regression (in which case, the problems boils
down to the lasso). Besides, the iterates of a given optimization method progressively collect
that optimal structure, in a more or less stable way. When they reach (and then stay in) that
optimal structure, we say that identification happens.

(Accelerated) Proximal Gradient Besides ensuring identification, it is desirable that iter-
ates collect the optimal structure in a stable manner. Indeed, a stable identification behavior
means that stopping the algorithm before convergence still provides some relevant structural
information. Based on [3], we show that the Proximal Gradient does identify in a stable way,
but its accelerated counter part has a more erratic behavior. We also propose two Provisional

algorithms that benefit from the O(1/k2) rate of accelerated methods while being more stable.
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In the power sector, many smart and flexible devices are currently appearing at the customer
side. The issue on how to manage all those devices in an efficient way is an important and difficult
question especially due to the high number of devices and the stochastic nature of the problem.
Our work aims at providing a decomposition algorithm for solving this complex problem. We
first consider the following stochastic optimization problem (P1) involving n agents or devices,
where Xi,ui

is a solution of a SDE.

(P1) inf
u∈U

E
[

F0(
1

n

n
∑

i=1

ui) +
n
∑

i=1

Fi(u
i, Xi,ui

)
]

, (1)

The price decomposition approach appears to be unfeasible since the price depends on the history
of all agents. Therefore we consider a modified problem:

(P2) inf
u∈U

F0(E[
1

n

n
∑

i=1

ui]) +
n
∑

i=1

E
[

Fi(u
i, Xi,ui

)
]

(2)

Under some reasonable assumptions, the solutions of (P2) are ε-optimal control of (P1). In
addition, (P2) can be decomposed with a deterministic price (this can be compared to [1]).
The resulting algorithm can be viewed as a randomized Uzawa algorithm, whose convergence is
established.
We apply the proposed algorithm to the context of a power system motivated by the work of A.
De Paola et al. [2]. In this problem, a central planner solves a Unit Commitment (UC) problem
(i.e. the optimization problem for determining the on-line generation capacities, its production
level, including security margins, to match the system load, which includes the coordination of
the consumption....) while coordinating the operation of a large population of smart devices.
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Shape-constrained regression problems [1, 2, 3] arise in a large number of applications. Economic
theory dictates that utility functions are increasing and concave, demand functions of normal
goods are downward sloping, production functions are concave or S-shaped, or that the link
function in a single index model is typically monotone. In finance, European and American call
option prices are convex and monotone in the underlying stock price and increasing in volatility,
bond yield curves are monotone and concave in time to maturity, the conditional value-at-
risk measure is increasing w.r.t. the significance level. In stochastic control and reinforcement
learning the value function is regularly assumed to be convex.

Leveraging prior knowledge expressed in terms of shape structures has several advantages: the
resulting techniques allow for estimation with smaller sample size, handle larger scale tasks,
and help interpretability. Despite the numerous practical benefits the construction of shape-
constrained estimators is quite challenging, existing techniques often tackle the shape require-
ments (i) in a soft fashion (without out-of-sample guarantees), (ii) by specialized transformation
of the variables (such as logarithmic or translog specifications), or (iii) using of highly restricted
functions classes such as polynomial splines.

In this work, we focus on the problem of shape-constrained regression with pointwise inequality
constraints:

min
f∈Fk

L
(

(xn, yn, f(xn))n∈[[1,N ]]

)

+ R (‖f‖k) , subject to b0 ≤ D(f − f0)(x) x ∈ K0, (1)

where the hypothesis space is a reproducing kernel Hilbert space Fk of R
d → R functions;

the samples {(xn, yn)}n∈[[1,N ]], the regularization function R, the differential operator D, the
constant b0, the function f0, and the compact nondiscrete set K0 are given.

We show how second-order cone programming techniques can be applied to solve a strength-
ened version of (1), and hence to satisfy strictly the imposed shape constraints. In addition, we
provide performance guarantees w.r.t. to the solution of the original problem (1). We demon-
strate the efficiency of the proposed technique in joint quantile regression and in the context of
transportation systems.
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First-order methods are still one of the cornerstones of optimization. One of the main reasons
for this is that the computation of higher-order derivatives of functions with thousands if not
millions of variables quickly becomes prohibitive; another is that gradient calculations are typ-
ically easier to distribute and parallelize, especially in large-scale problems. In view of this,
first-order methods have met with prolific success in many diverse fields, from machine learning
and signal processing to wireless communications, nuclear medicine etc. This success is espe-
cially pronounced in the field of online optimization, i.e. when the optimizer faces a sequence of
time-varying loss functions ft(x), t = 1, 2, . . . , one at a time for instance, when drawing different
sample points from a large training set. In this general framework, first-order methods have
proven extremely flexible and robust, and the attained performance guarantees are well known
to be optimal. Specifically, if the optimizer faces a sequence of G-Lipschitz convex losses, the
incurred min-max regret after T rounds is Ω(GT 1/2) [1] , and this bound can be achieved by
inexpensive first-order methods such as (OMD) and its variants.
Nevertheless, in many machine learning problems (support vector machines, Poisson inverse
problems, quantum tomography, etc.), the loss landscape is not Lipschitz continuous, so the
results mentioned above do not apply. Thus, a natural question that emerges is the following:
Is it possible to apply online optimization tools and techniques beyond the standard Lipschitz
framework? And, if so, how? The answer would positive and is illustrated in our paper [2].
In particular, we introduce and examine a (RL) continuity condition which is tailored to the
singularity landscape of the problem’s loss functions. In this way, we are able to tackle cases
beyond the Lipschitz framework provided by a global norm, and recover the optimal regret
bounds that are known for the standard case. These results are applied for the stochastic convex
minimization framework.
Secondly , we show a last iterate convergence result for the stochastic Mirror Descent, (i.e.
establishing the convergence of the actual sequence generated by the algorithm). This is of
particular interest for non-convex problems where ergodic convergence results are of limited
value (because Jensen’s inequality no longer applies). These results are subsequently validated
in a class of stochastic Poisson Inverse Problems that arise in imaging science.
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❋♦r t✇❡♥t② ②❡❛rs✱ ❧✐t❡r❛t✉r❡ ♦♥ ♥❡t✇♦r❦s ❤❛s ❜❡❡♥ ✈❡r② ❛❝t✐✈❡✳ P❛rt ♦❢ t❤✐s ❧✐t❡r❛t✉r❡ ♠♦❞❡❧s
♥❡t✇♦r❦ ❢♦r♠❛t✐♦♥ ✉s✐♥❣ ❛ ❣❛♠❡ t❤❡♦r❡t✐❝ ❛♣♣r♦❛❝❤✿ ❡❛❝❤ ♥♦❞❡ ✐♥ t❤❡ ♥❡t✇♦r❦ ✐s ❛♥ ❛❣❡♥t ❛♥❞
❡✈❡r② ❛❣❡♥t ✐s ❣✐✈❡♥ ❛ ♣❛②♦✛ ❢✉♥❝t✐♦♥ ✭❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ✐ts ❧✐♥❦✐♥❣ ♣r❡❢❡r❡♥❝❡s✮ ❛♥❞ ❝❤♦♦s❡s t♦
❢♦r♠ ❧✐♥❦s ✇✐t❤ ♦t❤❡r ❛❣❡♥ts ❜❛s❡❞ ✉♣♦♥ ✐t✳ ❆ st❛♥❞❛r❞ ♠♦❞❡❧✐③❛t✐♦♥ ✐s t♦ ❝♦♥s✐❞❡r t❤❡ ♥♦t✐♦♥ ♦❢
s♦❝✐❡t② ✇❤✐❝❤ ❝❛♥ ❜❡ s❡❡♥ ❛s t❤❡ ❝♦✉♥t❡r♣❛rt ♦❢ ❛ ♥♦r♠❛❧✲❢♦r♠ ❣❛♠❡ ✐♥ ♥❡t✇♦r❦ ❢♦r♠❛t✐♦♥ ❛♥❞
✇❤✐❝❤ ✐s ❝♦♠♣♦s❡❞ ♦❢ ❛ s❡t ♦❢ ❛❣❡♥ts N ✭❛ ✜♥✐t❡ s✉❜s❡t ♦❢ N✮✱ ❛ s❡t ♦❢ ✇❡✐❣❤ts W ✭❛ s✉❜s❡t ♦❢
[0, 1]✮✱ ❛ s❡t ♦❢ ❧✐♥❦s L ✭❛ s✉❜s❡t ♦❢ {{i, j} ⊂ N | i 6= j}✱ ✇❤❡r❡ {i, j} ∈ L ✐s ❞❡♥♦t❡❞ ij✮ ❛♥❞ ❢♦r
❡✈❡r② ❛❣❡♥t i ∈ N ✱ ❛ ♣❛②♦✛ ❢✉♥❝t✐♦♥ vi ✭❛ ♠❛♣♣✐♥❣ ❢r♦♠ t❤❡ s❡t ♦❢ ♥❡t✇♦r❦s G := WL t♦ R✮✳
■♥ t❤✐s ❝♦♥t❡①t✱ ❏❛❝❦s♦♥ ❛♥❞ ❲♦❧✐♥s❦② ✐♥tr♦❞✉❝❡❞ ❛ str❛t❡❣✐❝ ♥♦t✐♦♥ ♦❢ st❛❜✐❧✐t② ✇❤✐❝❤ ✐s ❝❛❧❧❡❞
♣❛✐r✇✐s❡ st❛❜✐❧✐t②✳ ❇r✐❡✢②✱ ❛ ♥❡t✇♦r❦ g ∈ G ✐s ♣❛✐r✇✐s❡ st❛❜❧❡ ✐❢ ❢♦r ❡✈❡r② ❧✐♥❦ ij✱ (1) t❤❡r❡ ❡①✐sts
♥♦ ❛❣❡♥t k ∈ ij ✇❤✐❝❤ ❤❛s ❛ str✐❝t ✐♥t❡r❡st ✭r❡❣❛r❞✐♥❣ vk✮ t♦ ❞❡❝r❡❛s❡ t❤❡ ✇❡✐❣❤t g(ij) ❛ttr✐❜✉t❡❞
t♦ ij✱ (2) ❜♦t❤ ❛❣❡♥ts ♦❢ i ❛♥❞ j ❞♦♥✬t ❤❛✈❡ ❛ ❝♦♠♠♦♥ str✐❝t ✐♥t❡r❡st ✭r❡❣❛r❞✐♥❣ vi ❛♥❞ vj✮ t♦
✐♥❝r❡❛s❡ t❤❡ ✇❡✐❣❤t g(ij) ❛ttr✐❜✉t❡❞ t♦ ij✳ ❚❤❡ ♣✉r♣♦s❡ ♦❢ ♦✉r ✇♦r❦ ✐s t♦ ❡①t❡♥❞ t❤❡ ✐❞❡❛ ♦❢ t❤✐s
❝♦♥❝❡♣t t♦ ❛ s❡q✉❡♥t✐❛❧ ❢r❛♠❡✇♦r❦✳
❋✐rst✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ♣♦ss✐❜❧❡ ❝♦✉♥t❡r♣❛rt ♦❢ ❛♥ ❡①t❡♥s✐✈❡✲❢♦r♠ ❣❛♠❡ ✐♥ ♥❡t✇♦r❦ ❢♦r♠❛t✐♦♥
t❤❛t ✇❡ ❝❛❧❧ s❡q✉❡♥t✐❛❧ s♦❝✐❡t②✳ ■♥t✉✐t✐✈❡❧②✱ ✇❡ ❝♦♥s✐❞❡r ❛ ♥❡t✇♦r❦ ❢♦r♠❛t✐♦♥ ♣r♦❝❡ss ✐♥ T st❡♣s
✭T ∈ N

∗✮ s✉❝❤ t❤❛t ❛t ❡❛❝❤ st❡♣ t ❝♦rr❡s♣♦♥❞s ❛ ❧✐♥❦ itjt✳ ❆❣❡♥ts it ❛♥❞ jt ❤❛✈❡ t♦ ❝❤♦♦s❡ ❛
✇❡✐❣❤t wt r❡❣❛r❞✐♥❣ ❡✈❡r② ♣♦ss✐❜❧❡ ❝❤♦✐❝❡s ♦❢ ❡✈❡r② ❧✐♥❦s iτ jτ ✭τ < t✮✳
❙❡❝♦♥❞✱ ❣✐✈❡♥ ❛ s❡q✉❡♥t✐❛❧ s♦❝✐❡t②✱ ✇❡ ✐♥tr♦❞✉❝❡ t✇♦ ♣♦ss✐❜❧❡ ❝♦✉♥t❡r♣❛rts ♦❢ t❤❡ ❝♦♥❝❡♣t ♦❢
s✉❜❣❛♠❡ ♣❡r❢❡❝t ❡q✉✐❧✐❜r✐✉♠ ✐♥ ♥❡t✇♦r❦ ❢♦r♠❛t✐♦♥ t❤❛t ✇❡ ❝❛❧❧ s❡q✉❡♥t✐❛❧❧② ♣❛✐r✇✐s❡ st❛❜❧❡ ❡q✉✐✲

❧✐❜r✐✉♠ ✭♦r ❙P❙❊ ✮ ❛♥❞ ✇❡❛❦ s❡q✉❡♥t✐❛❧❧② ♣❛✐r✇✐s❡ st❛❜❧❡ ❡q✉✐❧✐❜r✐✉♠ ✭♦r ✇❡❛❦ ❙P❙❊ ✮✳ ❚❤❡s❡ t✇♦
❝♦♥❝❡♣ts s❤❛r❡ s♦♠❡ ❢❡❛t✉r❡s ✇✐t❤ t❤❡ ❝♦♥❝❡♣t ♦❢ s✉❜❣❛♠❡ ♣❡r❢❡❝t ❡q✉✐❧✐❜r✐✉♠ ❛♥❞ ✇✐t❤ t❤❡
❝♦♥❝❡♣t ♦❢ ♣❛✐r✇✐s❡ st❛❜✐❧✐t② ✐♥tr♦❞✉❝❡❞ ❜② ❏❛❝❦s♦♥ ❛♥❞ ❲♦❧✐♥s❦②✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ ♣❛✐r✇✐s❡ st❛✲
❜✐❧✐t②✱ ✐t ❝❛♥ ❜❡ ❡①♣❡❝t❡❞ t❤❛t ✜♥❞✐♥❣ ❛ ❙P❙❊ ✭♦r ❛ ✇❡❛❦ ❙P❙❊✮ ❧❡❛❞s t♦ ❛♥ ✉♥✉s✉❛❧ ♦♣t✐♠✐③❛t✐♦♥
♣r♦❜❧❡♠✳ ❲❡ st✉❞② t❤❡s❡ ♥♦t✐♦♥s ❛♥❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❡❧❡♠❡♥ts s❛t✐s❢②✐♥❣ ✐ts ✐♥ t❤r❡❡ ❞✐✛❡r❡♥t
❝❛s❡s ✭❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ s❡t ♦❢ ✇❡✐❣❤ts W ✮✿ ✇❤❡♥ W ❝♦rr❡s♣♦♥❞s t♦ {0, 1} ✭✉♥✇❡✐❣❤t❡❞ ❝❛s❡✮✱
✇❤❡♥ W ✐s ❛ ✜♥✐t❡ s✉❜s❡t ♦❢ [0, 1] ✭❞✐s❝r❡t❡❧② ✇❡✐❣❤t❡❞ ❝❛s❡✮ ❛♥❞ ✇❤❡♥ W ❝♦rr❡s♣♦♥❞s t♦ [0, 1]
✭✇❡✐❣❤t❡❞ ❝❛s❡✮✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ▼✳❖✳ ❏❛❝❦s♦♥ ❛♥❞ ❆✳ ❲♦❧✐♥s❦②✱ ❆ str❛t❡❣✐❝ ♠♦❞❡❧ ♦❢ s♦❝✐❛❧ ❛♥❞ ❡❝♦♥♦♠✐❝ ♥❡t✇♦r❦s✱
❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ ❚❤❡♦r② ✭✶✾✾✻✮✳

❬✷❪ P✳ ❇✐❝❤ ❛♥❞ ▲✳ ▼♦r❤❛✐♠✱ ❖♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♣❛✐r✇✐s❡ st❛❜❧❡ ✇❡✐❣❤t❡❞ ♥❡t✇♦r❦s✱ ▼❛t❤❡✲
♠❛t✐❝s ♦❢ ❖♣❡r❛t✐♦♥s ❘❡s❡❛r❝❤ ✭t♦ ❛♣♣❡❛r✮✱ ❍❆▲✲❙❍❙ ✭✷✵✶✼ ✲ ♣r❡♣r✐♥t✮✳
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A Decomposition Method by Component for the Optimization of

Maintenance Scheduling
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In order to improve the reliability and performance of its hydroelectric fleet, EDF (Électricité
De France) seeks to optimize the maintenance scheduling of the components of hydroelectric
power plants. In this work, we address an idealized maintenance scheduling optimization prob-
lem. We consider components of hydroelectric power plants such as turbines, transformers or
generators and we study an idealized system of a given type of components that share a common
stock of spare parts. Over time components experience random failures that occur according to
known failure distributions. Thus the dynamics of the system is stochastic. The goal is to find a
deterministic preventive maintenance strategy that minimizes the expected cost depending on
maintenance and on the occurrences of forced outages of the system. The numerical experiments
should involve systems constituted of up to 80 components thus leading to high-dimensional
optimization problems. To overcome the curse of dimensionality, we use the Interaction Predic-
tion Principle [1] to decompose the original optimization problem into a sequence of independent
subproblems of smaller dimension. Each subproblem consists in optimizing the maintenance on a
single component. The resulting algorithm iteratively solves the subproblems with the blackbox
algorithm MADS [3] and coordinates the components. The maintenance optimization problem is
a mixed-integer problem. However decomposition methods are based on variational techniques
so they are not suited for this kind of problems. It is therefore needed to relax the dynamics of
the system as well as the cost functions in the formulation of the maintenance optimization prob-
lem. The relaxation parameters have an important influence on the output of the optimization
by decomposition and must be appropriately chosen. We apply the decomposition method on
relaxed systems with up to 80 components. The more demanding case takes around 20 hours of
computation time. We show that in high dimension the decomposition outperforms the blackbox
algorithm applied directly on the original problem.
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❆❜♦✉t ♦♣t✐♠❛❧ ❝r♦♣ ✐rr✐❣❛t✐♦♥ ♣❧❛♥✐♥❣ ✉♥❞❡r ✇❛t❡r s❝❛r❝✐t②

❑❡♥③❛ ❇♦✉♠❛③❛
∗

❏♦✐♥t ✇♦r❦ ✇✐t❤ ❆✳ ❘❛♣❛♣♦rt∗ ❛♥❞ ❙✳ ❘♦✉①∗

∗❯▼❘ ▼■❙❚❊❆✱ ❯♥✐✈✳ ▼♦♥t♣❡❧❧✐❡r✱ ■◆❘❆✲❙✉♣❆❣r♦ ▼♦♥t♣❡❧❧✐❡r

❑❡②✇♦r❞s ✿ ❖♣t✐♠❛❧ ❈♦♥tr♦❧✱ st❛t❡ ❝♦♥str❛✐♥t✱ ✇❛t❡r ♠❛♥❛❣❡♠❡♥t

■rr✐❣❛t✐♦♥ s❝❤❡❞✉❧✐♥❣ ✐s t❤❡ ♣r♦❝❡ss ♦❢ ❞❡t❡r♠✐♥✐♥❣ t❤❡ ❛♠♦✉♥t ♦❢ ✇❛t❡r ❞❡❧✐✈❡r❡❞ ✉s✐♥❣ ❛♥ ✐rr✐✲
❣❛t✐♦♥ s②st❡♠ ❞✉r✐♥❣ t❤❡ ♣r♦❞✉❝t✐♦♥ s❡❛s♦♥✳ ❙❡✈❡r❛❧ ♠❡t❤♦❞♦❧♦❣✐❝❛❧ ❛♣♣r♦❛❝❤❡s ❤❛✈❡ ❜❡❡♥ ✉s❡❞
✇✐t❤ t❤❡ ❛✐♠ ♦❢ ❞❡✜♥✐♥❣ ♦♣t✐♠❛❧ str❛t❡❣✐❡s ❢♦r ✐rr✐❣❛t✐♦♥ s❝❤❡❞✉❧✐♥❣✳ ❍♦✇❡✈❡r✱ ♠♦st ❛♣♣r♦❛❝❤❡s
❧❛❝❦ ❛♥❛❧②t✐❝❛❧ ✐♥s✐❣❤t ♦♥ t❤❡ t❤❡♦r❡t✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥s✳ ■♥ t❤✐s ✇♦r❦✱ ✇❡ ❝♦♥s✐❞❡r
❛ s✐♠♣❧✐✜❡❞ ❞②♥❛♠✐❝❛❧ ♠♦❞❡❧ ♦❢ ❝r♦♣ ✐rr✐❣❛t✐♦♥✱ ✐♥s♣✐r❡❞ ❢r♦♠ ❬✷❪✱ ✇❤❡r❡ S(t) ❛♥❞ B(t) st❛♥❞
r❡s♣❡❝t✐✈❡❧② ❢♦r t❤❡ r❡❧❛t✐✈❡ s♦✐❧ ❤✉♠✐❞✐t② ✭❛ ♥✉♠❜❡r ❜❡t✇❡❡♥ 0 ❛♥❞ 1✮ ❛♥❞ t❤❡ ❝r♦♣ ❜✐♦♠❛ss ❛t
t✐♠❡ t ❜❡❧♦♥❣✐♥❣ t♦ ❛♥ ✐♥t❡r✈❛❧ [0, T ] r❡♣r❡s❡♥t✐♥❣ t❤❡ ❝r♦♣ ❣r♦✇t❤ s❡❛s♦♥✿

Ṡ = k1(−ϕ(t)KS(S)− (1− ϕ(t))KR(S) + k2u(t)) ✭✶✮

Ḃ = k3ϕ(t)KS(S) ✭✷✮

✇✐t❤ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ✭❛t t❤❡ s♦✇✐♥❣ ❞❛t❡ 0✮

S(0) = 1 ❛♥❞ B(0) = 0 ✭✸✮

❛♥❞ T ❜❡✐♥❣ t❤❡ ❤❛r✈❡st✐♥❣ ❞❛t❡✳ ❚❤❡ ❝♦♥tr♦❧ ✈❛r✐❛❜❧❡ u(t) = F (t)/Fmax ∈ [0, 1] ✐s t❤❡ r❛t✐♦ ♦❢ t❤❡
✐♥♣✉t ✇❛t❡r ✢♦✇ r❛t❡ F (t) ❛t t✐♠❡ t ♦✈❡r t❤❡ ♠❛①✐♠❛❧ ✢♦✇ Fmax t❤❛t t❤❡ ✐rr✐❣❛t✐♦♥ ❞❡✈✐❝❡ ❛❧❧♦✇s✳
KS(·) ❛♥❞ KR(·) ❛r❡ ❝♦♥t✐♥✉♦✉s ♣✐❡❝❡✲✇✐s❡ ❧✐♥❡❛r ❢✉♥❝t✐♦♥s ❢r♦♠ [0, 1] t♦ [0, 1]✳ ❚❤❡② r❡♣r❡s❡♥t
t❤❡ tr❛♥s♣✐r❛t✐♦♥ ❛♥❞ t❤❡ ❡✈❛♣♦r❛t✐♦♥ ♦❢ t❤❡ ❝r♦♣ ❝✉❧t✉r❡s r❡s♣❡❝t✐✈❡❧②✳ ϕ(t) r❡♣r❡s❡♥t✐♥❣ t❤❡
❝r♦♣ r❛❞✐❛t✐♦♥ ✉s❡ ❡✣❝✐❡♥❝② ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t ♦❢ ✇❛t❡r str❡ss✱ ✐s ❛ L1 ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ❢r♦♠
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Q[u(·)] ≤ Q̄. ✭✹✮
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This talk will introduce Spatio-temporal alignments (STA). A new metric for time series that
(1) takes into account their chronological order; (2) quantifies temporal shifts; (3) is sensitive to
spatial variability. For instance, In neuroscience, we would like to compare brain imaging signals
both in space and time. Let x1,y2 ∈ R

T1,p × R
T2,p be two p dimensional time series of lengths

T1, T2 respectively. Let (∆t1,t2) ∈ R
T1,T2 be a pairwise cost matrix between all time points of x,y.

A feasible alignment is defined as a binary matrices of RT1×T2 where only →, ↓,ց movements
are allowed. This set is denoted by AT1,T2

. We build upon the Soft Dynamic Time Warping
(DTW) framework [2, 3] defined as: dtwβ(x,y; ∆) = softminβ{〈A,∆(x,y)〉,A ∈ AT1,T2

}where
the soft-minimum operator of a set A with parameter β is defined as −β log

(
∑

A
e−

a/β
)

if β > 0
and mina∈A a if β = 0. Here we propose a cost ∆ defined with unbalanced Optimal transport.

1 Temporal OT through Soft-DTW

Our first contribution is to show that when β > 0, dtwβ increases quadratically with time shifts:

Theorem 1. Let x+ correspond to the shifted x with lag k. For any cost ∆, let µ the smallest
non-zero entry of ∆. If 0 < β ≤ µ

log(3TDT,T ) , there exists α, ρ > 0 such that:

dtwβ(x,x+k
)− dtwβ(x,x) ≥ βαk(k − 1) + βρk (1)

2 Spatial OT through Sinkhorn divergences

To capture spatial variability, we propose to use a cost function based on the unbalanced
Sinkhorn of cost M distance OTε[1] defined for any non-negative histograms in R

p: ∆OT(x,y) =

OTε(x,y)−
1
2 (OTε(x,x) + OTε(y,y)) where OTε(x,y) = min

P∈R+
p×p εKL(P|e−

M

ε )+γKL(P1|x)+

γKL(P⊤
1|y). We simulate 200 brain signals on a spatial mesh of p = 642 vertices and T = 20

in 4 cross-categories in space and time and learn t-SNE embeddings with different metrics.
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Figure 1: t-SNE visualization of the simulated brain signals in two different regions, at two
different time instants. With β > 0, staβ can discriminate between all four groups.



Journées SMAI MODE 2020 Paris-Saclay, 25-27 mars 2020

References

[1] L. Chizat, G. Peyré, B. Schmitzer, and F-X. Vialard. Scaling Algorithms for Unbalanced
Transport Problems. arXiv:1607.05816 [math.OC], 2017.

[2] Marco Cuturi and Mathieu Blondel. Soft-dtw: a differentiable loss function for time-series.
In International Conference on Machine Learning, 2017.

[3] H. Sakoe and S. Chiba. Dynamic programming algorithm optimization for spoken word
recognition. IEEE Transactions on Acoustics, Speech, and Signal Processing, 26(1):43–49,
February 1978.



❏♦✉r♥é❡s ❙▼❆■ ▼❖❉❊ ✷✵✷✵ P❛r✐s✲❙❛❝❧❛②✱ ✷✺✲✷✼ ♠❛rs ✷✵✷✵

❚✇♦✲♣❧❛②❡r ③❡r♦✲s✉♠ ❞❡t❡r♠✐♥✐st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❣❛♠❡ ✐♥ ✐♥✜♥✐t❡

❤♦r✐③♦♥ ✐♥✈♦❧✈✐♥❣ ✐♠♣✉❧s❡ ❝♦♥tr♦❧s ✇✐t❤ ❛ ♥❡✇ ◗❱■

❍❆❋■❉ ▲❆▲■❖❯■

❯♥✐✈❡rs✐té ■❜♥ ❩♦❤r✱ ❊q✉✐♣❡✱ ❆✐❞❡ à ❧❛ ❞❡❝✐s✐♦♥✱ ❊◆❙❆✱ ❆❣❛❞✐r✱ ▼♦r♦❝❝♦

❏♦✐♥t ✇♦r❦ ✇✐t❤ ❇❘❆❍■▼ ❊▲ ❆❙❘■

❑❡②✇♦r❞s ✿ ❉❡t❡r♠✐♥✐st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❣❛♠❡✱ ✐♠♣✉❧s❡ ❝♦♥tr♦❧s✱ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ♣r✐♥❝✐♣❧❡✱
✈✐s❝♦s✐t② s♦❧✉t✐♦♥s✱ q✉❛s✐✲✈❛r✐❛t✐♦♥❛❧ ✐♥❡q✉❛❧✐t②✳

❲❡ st✉❞② ❛ t✇♦✲♣❧❛②❡r ③❡r♦✲s✉♠ ❞❡t❡r♠✐♥✐st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❣❛♠❡ ✇✐t❤ ❜♦t❤ ♣❧❛②❡rs ❛❞♦♣t✐♥❣ ✐♠✲
♣✉❧s❡ ❝♦♥tr♦❧s ✐♥ ✐♥✜♥✐t❡ ❤♦r✐③♦♥ ✇✐t❤ ❝♦sts ❢✉♥❝t✐♦♥s ❞❡♣❡♥❞s ♦♥ t❤❡ st❛t❡ ✈❛r✐❛❜❧❡✳ ❲❡ ❛✐♠ t♦
♣r♦✈❡ t❤❛t t❤❡ ✐♠♣✉❧s❡ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ ❛❞♠✐t ❛ ✈❛❧✉❡✳
❲❡ ♣r♦✈❡ ❜② t❤❡ ♠❡❛♥ ♦❢ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ♣r✐♥❝✐♣❧❡ t❤❛t t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥s ❛r❡ ❝♦♥✲
t✐♥✉♦✉s ❛♥❞ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥s ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐✲❇❡❧❧♠❛♥✲■s❛❛❝s ✭❍❏❇■✮
q✉❛s✐✲✈❛r✐❛t✐♦♥❛❧ ✐♥❡q✉❛❧✐t② ✭◗❱■✮✳ ❲❡ ❞❡✜♥❡ ❛ ♥❡✇ ❞✐✛❡r❡♥t✐❛❧ ◗❱■ ❢♦r ✇❤✐❝❤ t❤❡ ✈❛❧✉❡ ❢✉♥❝✲
t✐♦♥s ❛r❡ t❤❡ ✉♥✐q✉❡ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥✳ ❲❡ t❤❡♥ ♣r♦✈❡ t❤❛t t❤❡ ❧♦✇❡r ❛♥❞ ✉♣♣❡r ✈❛❧✉❡ ❢✉♥❝t✐♦♥s
❝♦✐♥❝✐❞❡✳
■♥ t❤✐s ✇♦r❦ ✇❡ ❞❡❛❧ ✇✐t❤ t❤❡ st❛t❡ ✈❛r✐❛❜❧❡ ②①✭✿✮ s✉❝❤ t❤❛t ②①✭✵✮ ❂ ① ✷ ❘♥✱ ❴②①✭t✮ ❂ ❜✭②①✭t✮✮

❛♥❞ ②①✭✿✮ ✐s ❞r✐✈❡♥ ❜② t✇♦ ✐♠♣✉❧s❡ ❝♦♥tr♦❧s✱ ✉ ❝♦♥tr♦❧ ♦❢ ♣❧❛②❡r� ✘ ❞❡✜♥❡❞ ❜② ❛ ❞♦✉❜❧❡ s❡q✉❡♥❝❡
✭✜♠❀ ✘♠✮♠✷◆✄ ❛♥❞ ✈ ❝♦♥tr♦❧ ♦❢ ♣❧❛②❡r � ✑ ❞❡✜♥❡❞ ❜② ❛ ❞♦✉❜❧❡ s❡q✉❡♥❝❡ ✭✚❦❀ ✑❦✮❦✷◆✄ ✳
❲❡ ❣✐✈❡ s♦♠❡ ❝❧❛ss✐❝ r❡s✉❧ts ♦❢ t❤❡ ❧♦✇❡r ❛♥❞ ✉♣♣❡r ✈❛❧✉❡ ❢✉♥❝t✐♦♥s ♦❢ ♦✉r ❣❛♠❡✱ ✜rst ✇❡ s❤♦✇
t❤❛t ❜♦t❤ s❛t✐s❢② t❤❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ♣r✐♥❝✐♣❧❡ ♣r♦♣❡rt②✱ t❤❡♥ ✇❡ ♣r♦✈❡ t❤❛t t❤❡② ❛r❡
❝♦♥t✐♥✉♦✉s ✐♥ ❘♥✳
❚❤❡ ❛ss♦❝✐❛t❡❞ ◗❱■ ✐s ❣✐✈❡♥ ❜② ❛ ❞♦✉❜❧❡ ♦❜st❛❝❧❡s ❍❏❇■ ❡q✉❛t✐♦♥✱ ✇❤❡r❡ t❤❡ ♦❜st❛❝❧❡s ❛r❡ ❞❡✲
✜♥❡❞ ✐♥ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✐♥✜♠✉♠ ✭r❡s♣✳ ♠❛①✐♠✉♠✮ ❝♦st ♦♣❡r❛t♦r ❍✤

✐♥❢✈✭✿✮ ✭r❡s♣✳ ❍
❝
s✉♣✈✭✿✮✮✳ ❲❡

♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥s ❛s ❛ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ ♦❢ t❤✐s ❝❧❛ss✐❝ ❍❏❇■ ◗❱■✳
❋✉rt❤❡r♠♦r❡✱ ✇❡ ❝♦♥s✐❞❡r ❛ ♥❡✇ ❞✐✛❡r❡♥t✐❛❧ ◗❱■ ❢♦r ✇❤✐❝❤ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ t❤❡ ✉♥✐q✉❡♥❡ss
r❡s✉❧t ✐♥ t❤❡ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ s❡♥s❡ ✐s ❣✉❛r❛♥t②✳ ❚❤✉s✱ t❤❡ ❣❛♠❡ ❛❞♠✐ts ❛ ✈❛❧✉❡✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ◆✳ ❊❧ ❋❛r♦✉q✱ ●✳ ❇❛r❧❡s ❛♥❞ P✳ ❇❡r♥❤❛r❞✱ ❉❡t❡r♠✐♥✐st✐❝ ♠✐♥✐♠❛① ✐♠♣✉❧s❡ ❝♦♥tr♦❧✱
❆♣♣❧✳ ▼❛t❤✳ ❖♣t✐♠✳✱ ✻✶ ✭✷✵✶✵✮✱ ♣♣✳ ✸✺✸✕✸✼✽✱ ❉❖■✿ ✶✵✳✶✵✵✼✴s✵✵✷✹✺✲✵✵✾✲✾✵✾✵✲✵✳

❬✷❪ ❇✳ ❊❧ ❆sr✐✱ ❉❡t❡r♠✐♥✐st✐❝ ♠✐♥✐♠❛① ✐♠♣✉❧s❡ ❝♦♥tr♦❧ ✐♥ ✜♥✐t❡ ❤♦r✐③♦♥✿ t❤❡ ✈✐s❝♦s✐✲

t② s♦❧✉t✐♦♥ ❛♣♣r♦❛❝❤✱ ❊❙❆■▼✿ ❈♦♥tr♦❧ ❖♣t✐♠✳ ❈❛❧❝✳ ❱❛r✳✱ ✶✾ ✭✷✵✶✸✮✱ ♣♣✳ ✻✸✕✼✼✱ ❉❖■✿
✶✵✳✶✵✺✶✴❝♦❝✈✴✷✵✶✶✷✵✵✳

❬✸❪ ●✳ ❇❛r❧❡s✱ ❉❡t❡r♠✐♥✐st✐❝ ✐♠♣✉❧s❡ ❝♦♥tr♦❧ ♣r♦❜❧❡♠s✱ ❙■❆▼ ❏✳ ❈♦♥tr♦❧ ❖♣t✐♠✳✱ ✷✸ ✭✶✾✽✺✮✱
♣♣✳ ✹✶✾✕✹✸✷✳

❬✹❪ ◆✳ ❊❧ ❋❛r♦✉q✱ ❉❡❣❡♥❡r❛t❡ ✜rst✲♦r❞❡r q✉❛s✐✲✈❛r✐❛t✐♦♥❛❧ ✐♥❡q✉❛❧✐t✐❡s✿ ❛♥ ❛♣♣r♦❛❝❤ t♦ ❛♣♣r♦①✲

✐♠❛t❡ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥✱ ❙■❆▼ ❏✳ ❈♦♥tr♦❧ ❖♣t✐♠✳✱ ✺✺ ✭✷✵✶✼✮✱ ♣♣✳ ✷✼✶✹✕✷✼✸✸✳

❬✺❪ ❍✳ ■s❤✐✐✱ P❡rr♦♥✬s ♠❡t❤♦❞ ❢♦r ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐ ❡q✉❛t✐♦♥s✱ ❉✉❦❡ ▼❛t❤✳ ❏✳✱ ✺✺ ✭✶✾✽✼✮✱ ♣♣✳ ✸✻✾✕
✸✽✹✳

❬✻❪ P✳▲✳ ▲✐♦♥s✱ ●❡♥❡r❛❧✐③❡❞ ❙♦❧✉t✐♦♥ ♦❢ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐ ❊q✉❛t✐♦♥s✱ P✐t♠❛♥✱ ❇♦st♦♥ ✭✶✾✽✷✮✳



Journées SMAI MODE 2020 Paris-Saclay, 25-27 mars 2020

Stable Matching Games

Felipe Garrido-Lucero

Université Paris Dauphine - PSL

Joint work with Rida Laraki

Keywords : Stable Matching, Nash Equilibrium with Outside Option Constraints

Gale and Shapley [1] defined in 1962 a matching problem between two sets of distinct agents
M and W (men and women, workers and firms, students and universities, nurses and hospitals,
kidneys and patients, etc) who should be paired in a stable way, taking into account that each
agent has a strict order of preference over those members of the opposite set. A matching µ is
stable if no unmatched couple can strictly improve its utility by being together compared to their
utility in µ. They constructed, thanks to an algorithm, a stable matching for every instance. In
1971, Shapley and Shubik [3] considered an extension in which agents can do monetary transfers
that can change their quasi-linear utility. A solution to this new problem is a pair (µ, p) with
µ a matching between buyers and sellers and p a vector of monetary transfers. A solution is
stable if no pair of unpaired agents can find a transfer which improves their utility compared
with (µ, p). In 2005, Milgrom and Hatfield [2] extended this model to Matching with contracts in
which agents define partners and bilateral contracts, from a set of possible options. They provide
sufficient conditions on the set of contracts under which a stable allocation exists.
Our article proposes a new extension by assuming that each couple (i, j) ∈ M ×W obtains its
utility as the outcome of a strategic game Gi,j . In this approach, agents, beside choosing partners,
play a strategic game in which they try to maximize their outcome under the constraint that the
partner is satisfied and does not want to quit the relationship. A matching µ is externally stable
if no unmatched couple can deviate, i.e. to match together and play a strategy profile which
provides them higher payoffs than the ones they have in µ. This corresponds to the classical
pairwise stability notion. The matching is internally stable if no player can, by changing her
strategy inside the couple, increases her payoff without breaking the external stability of the
couple. Mathematically, internal stability is simply a Nash equilibrium condition with outside
option constraints. We provide a sufficient condition on a strategic game (called feasibility) under
which there exists matching profiles that are externally and internally stable. We prove that the
class of feasible games includes zero-sum games, potential games, infinitely repeated games or
finite perfect information games. We also provide a 3 by 3 game in mixed strategies which is
not feasible. Since monetary transfers can be interpreted as zero sum games, our model strictly
includes Shapley-Shubik’s extension. Similarly, we also extend Milgrom-Hatfield’s model because
any stable allocation can be mapped into a externally stable matching and conversely.
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We will introduce in this presentation an extension the formulation of Sinkhorn divergences to
the unbalanced setting of arbitrary positive measures, providing both theoretical and algorith-
mic advances. Sinkhorn divergences, introduced in [1], leverage the entropic regularization of
Optimal Transport (OT) to define geometric loss functions. They are differentiable, cheap to
compute and do not suffer from the curse of dimensionality, while maintaining the geometric
properties of OT, in particular they metrize the weak∗ convergence. Extending these divergences
to the unbalanced setting is of utmost importance since most applications in data sciences re-
quire to handle both transportation and creation/destruction of mass. This includes for instance
problems as diverse as shape registration in medical imaging, density fitting in statistics, gen-
erative modeling in machine learning, and particles flows involving birth/death dynamics. Our
first set of contributions is the definition and the theoretical analysis of the unbalanced Sinkhorn
divergences. They enjoy the same properties as the balanced divergences (classical OT), which
are obtained as a special case. Indeed, we show that they are convex, differentiable and metrize
the weak∗ convergence. Our second set of contributions studies generalized Sinkhorn iterations,
which enable a fast, stable and massively parallelizable algorithm to compute these divergences.
We show, under mild assumptions, a linear rate of convergence, independent of the number of
samples, i.e. which can cope with arbitrary input measures. We also highlight the versatility
of this method, which takes benefit from the latest advances in term of GPU computing, for
instance through the KeOps library for fast and scalable kernel operations.
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Let X be the society of agents, supposed to be countably infinite. A neighborhood relation
is defined on X, which is symmetric and irreflexive, inducing a graph structure on X which
is connected and where each agent has a finite degree. At a given time, each individual has
two possible statuses (either active (1) or inactive (0)). The status of an agent is updated
by aggregating the statuses of the agents in its neighborhood. The number obtained is the
probability to be active at next time step for that agent. Defining the state (or configuration) of
the society as the set of active agents, this defines an uncountable Markov chain in discrete time.
The aim of the paper is to study the absorbing classes of this Markov chain. We distinguish the
case where the aggregation function is strict or Boolean.
The main part of the study is devoted to the strict case. It is found that:

• Under no additional assumption on the graph nor on the aggregation function, the sets
of all finite and all co-finite configurations are transient, the sets X and ∅ are fixed points
(absorbing states), while the set of all remaining configurations is absorbing. In addition, if
the graph admits a bipartite structure, periodic classes of period 2 occur (called blinkers).

• The establishment of irreducibility for the previous sets of configuration requires however
stronger assumptions on the graph. We proved that sufficient conditions are:

1. There are infinitely many complex stars (roughly speaking, stars with at least 3
branches of length at least 2)

2. The network has enough “space” to store a local configuration of active/inactive agents
on its neighbors.

Most networks satisfy this assumption and we characterize networks having complex stars.

Under Boolean aggregation functions, the diffusion process becomes deterministic and the conta-
gion model of [1] becomes a particular case of our framework. Then finite and co-finite absorbing
states can exist, as well as cycles.
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On recherche des potentiels qui maximisent le déterminant fonctionnel d’un opérateur de Sturm-
Liouville du type Schrödinger sur un intervalle borné, avec conditions aux limites de Dirichlet.
L’optimisation est faite sous contrainte L

q. On étend pour cela la définition du déterminant fonc-
tionnel au cas de potentiels L

1, et on montre que le problème de maximisation est équivalent à
un problème de contrôle optimal. On prouve l’existence et l’unicité de solution pour tout q ≥ 1,
et on donne une caractérisation des potentiels maximisants dans les cas q = 1, 2.

Travail en collaboration avec C. Aldana (Barranquilla) et P. Freitas (Lisbonne).
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Chance constraints are a valuable tool for the design of safe and robust decisions in uncertain
environments. In this talk, we propose an exact reformulation of a general chance constrained
problem as a convex bilevel program. We then derive a tractable penalty approach for such
problems. We finally release an open-source python toolbox with fast computational procedures.

Chance constrained problems Given two functions f : Rd → R, g : Rd × R
m → R, a

random vector ξ : Ω → R
m, and a safety probability level p ∈ [0, 1), we consider the problem:

{

minx∈Rd f(x)
s.t. P[g(x, ξ) ≤ 0] ≥ p

(1)

Intuitively, the constraint means that the inequality
g(x, ξ) ≤ 0 must be satisfied with high enough proba-
bility. However, because of the possible non-convexity
it induces, even simple questions such as the convex-
ity of the feasible set for the probability constraint
can be hard [1]. A great part of the results produced
so far on chance constrained problems rely on a para-
metric modeling of the chance constraint [2].
Our approach [3] consists in leveraging the link be-
tween quantiles and superquantiles [4] to derive an
exact reformulation of (1) as a bilevel program where
the lower problem is convex as soon as g is convex.

Figure 1: Levet sets of a quadratic chance
constrained set [5]

Solving chance constrained problems with a difference-of-convex approach We pro-
pose to tackle the obtained bilevel problem with a double penalty approach. The penalized
objective appears to be a Difference of Convex (DC) function that we propose to minimize
with the bundle algorithm of [6]. We provide TACO, an open-source python Toolbox for chAnce
Constrained Optimization, for solving (1). The code is available at:

https://github.com/yassine-laguel/taco
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In many statistical applications, the number of parameters p is much larger than the number
of observations n. A popular approach to tackle linear regression problems in such scenarios is
to consider convex ℓ1-type penalties, as popularized by [4]. The use of these penalties relies on
a regularization parameter λ trading data fidelity versus sparsity, the latter being notoriously
hard to tune in practice.
In order to prevent over complex models, it is customary to use different datasets for model
training and hyperparameter selection. Classical approaches consist in evaluating each model
with a metric on a crossvalidation dataset, different from the training dataset. Popular metrics
includes crossvalidation loss, AIC/BIC [1] or SURE [3] criterions.
The canonical hyperparameter setting algorithm is the gridsearch, it requires evaluating the
model on a given finite grid of parameters. Gridsearch is well adpated when the number of
hyperparameters is small, however the complexity of the gridsearch scales exponentially with
number of hyperparameters: ie. gridsearch cannot be applied when the number of hyperparam-
eter is large. Other hyperparameter selection techniques include randomsearch and bayesian
techniques (SMBO).
Another approach for hyperparameter setting consists in gradient descent in the hyperparameter
to optimize. This has been widely explored in [2] for smooth objective function. In this work
we tackle the setting of non-smooth hyperparameter optimization for Lasso type problems. We
show that [2] techniques generalize to non-smooth optimization problems such as the Lasso [4]
and the adaptive Lasso [5].
In gradient-based hyperparameter optimization techniques, the main challenge is to compute
Jλ: the weak jacobian of the function λ 7→ β̂(λ) = argminβ∈Rp

1
2n ||y−Xβ||2+λ||β||1 at point λ.

In this work propose an efficient implicit computation of Jλ for the Lasso and the adaptive
Lasso.
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It has been well recognized that prox-regular sets ([4]) (also know as positively reached, weakly

convex, O(2)-convex, ϕ-convex, proximally smooth) play an important role in many areas of
mathematical analysis including Optimization, Set-Valued Analysis, Differential Geometry and
PDES (see, e.g., the survey [2] and the references therein). Roughly speaking, a (closed) subset C
of a Hilbert space X is said to be r-prox-regular provided that the nearest point mapping ProjC
is single-valued on a suitable neighborhood (depending on r > 0) of the set C and continuous
therein.
In this talk, we present diverse new metric properties that prox-regular sets shared with convex
ones. At the heart of our work lie the Legendre-Fenchel transform and complements of open
balls. When the closed set C is r-prox-regular for some r > 0, it will be shown that the function

ϕC,r(x
⋆) := (ψC +

1

2r
‖ · ‖2)⋆(x⋆) = sup

x∈C

(〈x⋆, x〉 −
1

2r
‖x‖2)

is the right tool to extend the following fundamental results known for convex sets in convex
analysis to the variational analysis of prox-regular sets:

(π1) A closed convex set is completely determined by its support function σ(·, ·), i.e.,

C1 = C2 ⇔ σ(·, C1) = σ(·, C2).

(π2) The analytic formulation of the distance from a convex set

dC(x) = 〈x⋆, x〉 − σ(x⋆;C) for some x∗ ∈ S := {u ∈ X : ‖u‖ = 1}.

(π3) The duality property

dC(x) = max
x⋆∈S

inf
y∈C

〈x⋆, x− y〉 = inf
y∈C

max
x⋆∈S

〈x⋆, x− y〉 .

(π4) The distance dC(x) coincides with the maximum of distances dH(x) taken over all hy-
perplanes H separating C and x /∈ C and this maximum is attained for one and only one
hyperplane.
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It is well known that primal-dual interior-point algorithms for linear optimization can easily be
extended to the case of symmetric conic optimization, as shown by Nesterov and Todd (NT) in
their 1997 paper about self-scaled barriers. Although many convex optimization problems can be
expressed using symmetric cones then models involving for instance exponential functions do not
belong to the class of symmetric conic optimization problems. Therefore, several authors have
suggested generalizations of the NT primal-dual interior-point algorithm to handle nonsymmetric
cones such as the exponential cone. Based on this work we will present a generalization of the
NT algorithm to the case of nonsymmetric conic optimization. Although we have no polynomial
complexity proof for the suggested algorithm then it performs extremely well in practice as will
be documented with computational results.
To summarize, this presentation should be interesting for users of convex optimization.
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Globally convergent variants of the Gauss-Newton algorithm are often the preferred methods

to tackle nonlinear least squares problems. Among such frameworks, Levenberg-Marquardt and

trust-region methods are two well-established, similar paradigms, with analyses that are often

close in spirit. Both schemes have been successfully studied when the Gauss-Newton model is

replaced by a random model, only accurate with a given probability. Meanwhile, problems where

even the objective value is subject to noise have gained interest, driven by the need for efficient

methods in fields such as data assimilation.

In this talk, we describe a stochastic Levenberg-Marquardt algorithm that handles noisy objec-

tive function values and random models, provided sufficient accuracy is achieved in probability.

In particular, if the probability of accurate function estimates and models is sufficiently large,

we establish that the proposed algorithm converges globally to a first-order stationary point of

the problem with probability one. Furthermore, we bound the expected number of iterations

needed to reach an approximate stationary point. Our method relies on both a specific scaling of

the regularization parameter and a measure of criticality tailored to least-squares problems. We

finally present an application of our method to variational data assimilation, where stochasticity

arises from the so-called ensemble methods.
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We consider a stochastic financial exchange economy with a finite date-event tree representing
time and uncertainty and a financial structure with possibly long-term assets. We address the
question of the stability of financial structures, that is the continuity of the set of marketable
payoffs with respect to the asset prices. In a previous paper, we have exhibited a sufficient
condition, which is based only on the return of the assets. However, it is never satisfied in the
structures with re-trading (See Bonnisseau-Chéry), which is a very common feature in many
papers following the model presented in the book of Magill and Quinzii. The main purpose of
this paper is to deepen the study of the stability of financial structures with long-term assets and
especially to address this issue in cases where there is a re-trading of assets after their issuance
at different nodes and different dates. We exhibit a new sufficient condition on general financial
structures, which enjoys the property to be inherited by the re-trading extension of a financial
structure. We also show that the situation is more complex when all initial assets are not issued
at the initial date and we then provide a stronger condition to cover this case.
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We present an algorithm which builds upper or lower approximations of the (Bellman) value
functions of a risk-neutral stochastic optimal control problem in discrete time, with white noises
of finite supports.

Upper (resp. Lower) approximations of a given value function are built as min-plus linear
(resp. max-plus linear) combinations of "basic functions". At each iteration, we add a new,
randomly selected, basic functions to the current combination. We give sufficient conditions to
ensure asymptotic almost sure convergence of the generated approximating functions to the
value functions on sets of interest.

We illustrate this algorithm numerically on optimal control problems with linear dynamics
and polyhedral costs.
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Many cancer treatments are administered at the maximal tolerated dose, and eventually fail as

the tumor becomes resistant. When a cure is highly unlikely, an alternative is to use the minimal

effective dose, that is, the minimal dose that allows to contain the tumor while ensuring a suffi-

cient quality of life to the patient. The hope is to diminish both treatment toxicity and selection

for resistance to treatment, allowing us to control the tumor for a longer time. Experimental

results are promising.

We study how to maximize the time at which tumor size becomes higher than a given threshold.

For simple models with two types of cells, sensitive and fully resistant to treatment, we find that

under very general conditions, containment strategies are optimal, or almost optimal. This unifies

a number of previous approaches. The clinical gains with respect to more aggressive treatments

crucially depends on the tumor growth model. In particular, our results are much more robust

to modifications of the basic model for Gompertzian growth than for logistic growth. Finally, if

resistant cells retain some sensitivity to treatment, the optimal strategy is to first contain the

tumor with a low-dose treatment but eventually switch to maximal tolerated dose. This is the

opposite of what other authors have found, and we will explain why.

This is part of the PGMO project “Optimization of a new type of cancer therapy”.
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Inserting renewable energy in the electric grid in a decentralized manner is a key challenge of the
energy transition. However, at local stage, both production and demand display erratic behavior,
be it for the dependence upon local weather conditions. Thus, the match between supply and
demand is delicate to achieve in such a stochastic context. It is the goal of Energy Management
Systems (EMS) to achieve such balance at least cost. We present EMSx, a numerical benchmark
for testing control algorithms for the management of electric microgrids doted with a photovoltaic
unit and an energy storage system. Our benchmark is based on a rich collection of historical
observations and forecasts collected by the company Schneider Electric. Besides the dataset, we
also publicly release EMSx.jl, a package implemented in the Julia language which enables to
easily implement a microgrid controller and to test it on the EMSx benchmark. Eventually, we
showcase the results of standard microgrid control methods, including Model Predictive Control,
Open Loop Feedback Control and Stochastic Dynamic Programming.
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Adam is a popular variant of the stochastic gradient descent for finding a local minimizer of

a function. The objective function is unknown but a random estimate of the current gradient

vector is observed at each round of the algorithm.

1 Dynamical Behavior and Asymptotic Analysis

Assuming that the objective function is differentiable and non-convex, we establish the conver-

gence in the long run of the iterates to a stationary point. The key ingredient is the introduction

of a continuous-time version of Adam, under the form of a non-autonomous ordinary differ-

ential equation. The existence and the uniqueness of the solution are established, as well as

the convergence of the solution towards the stationary points of the objective function. The

continuous-time system is a relevant approximation of the Adam iterates, in the sense that the

interpolated Adam process converges weakly to the solution to the ODE.

2 Convergence Rates of a Clipped Version of Adam

In this second part, we study the Adam algorithm for smooth nonconvex optimization under

a boundedness assumption on the adaptive learning rate. The bound on the adaptive step size

depends on the Lipschitz constant of the gradient of the objective function and provides safe

theoretical adaptive step sizes. Under this boundedness assumption, we show a novel first order

convergence rate result in both deterministic and stochastic contexts. Furthermore, we establish

convergence rates of the function value sequence using the Kurdyka-Łojasiewicz property.
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In this talk, we are interested in some control problems on stratified domains. In such problems,
the state variable space is partitioned in different open sets separated by an interface, that is a
collection of lower dimensional manifolds. Each open region is associated with a compact control
set, a controlled dynamics and a cost function. The simplest example of such structures (in
dimension 2) is two open and disjoint half planes with a common boundary which is a line, see
[1, 3].
We are interested in characterizing the value function of the optimal control problem as solution
to an adequate Hamilton-Jacobi equation. More precisely, we prove that the essential Hamilto-
nian used in [4] and [2] characterizes both the sub and super solutions. Finally, we show that
a strong comparison principle holds even when the solution in the viscosity sense (the value
function) is only lower semicontinuous.
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In this work, we aim at extending reinforcement learning (RL) methods to some state-constrained
nonlinear optimal control problems. An important feature of these methods is that they do not
need to discretize the state space and their complexity do not grow with the dimension of the
state vector. In [2, 3], the RL methods have been analysed for control problems without state
constraints.
In our work, we extend the RL to control problems in presence of ponctual state constraints. For
these problems, it is known that the value function may be discontinuous. However, following
[1], one can describe precisely the value function and its epigraph by using an auxiliary control
problem whose value function is Lipschitz continuous. We first extend the optimistic planning
algorithm to solve the auxiliary control problem. Then we use this approach to get an approx-
imation of the original control problem with state-constraints and without any controllability
assumption. Furthermore, we establish some convergence guarantees and complexity results for
our proposed optimistic planning algorithm similar to those presented in [2, 3].
Finally we illustrate our method on some nonlinear optimal control problems.
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The simplex and interior point methods are currently the most computationally successful al-
gorithms for linear optimization. While the simplex methods follow an edge path, the interior
point methods follow the central path. The algorithmic issues are closely related to the combi-
natorial and geometric structure of the feasible region. Focusing on the analysis of worst-case
constructions leading to computationally challenging instances, we discuss connections to the
largest diameter of lattice polytopes, to the complexity of convex matroid optimization, and
to the number of generalized retarded functions in quantum field theory. Complexity results
and open questions are also presented. In particular, we answer a question raised in 1986 by
Colbourn, Kocay, and Stinson by showing that deciding whether a given sequence is the degree
sequence of a 3-hypergraph is computationally prohibitive.
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Unconstrained relaxations and duality in global optimization
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The global optimization of mixed-integer nonlinear programs is an ambitious goal, with many
practical applications. Here, we consider the broadest class of such problems, where no convexity
or regularity assumptions are made. We only require that an expression graph representing the
objective and constraints be given.
The most common approach to solve these generic problems is the reformulation convexification

technique. It uses a symbolic reformulation to express the problem in a standard form, such
as the one introduced in [1], that facilitates the implementation of various tools like convex
relaxations and bound tightening techniques. Some of the most successful global solvers [2, 3]
follow this approach and make use of decades of engineering in mixed-integer linear programming
for robustness and efficiency.
Since the work of [4], we know that the hybridation with nonlinear programming can lead
to important improvements. However, linear relaxations still rule in most global optimization
solvers and remain the default setting. To show that nonlinear relaxations can be competitive,
we implemented a global optimization solver that can use both linear and nonlinear relaxations.
This presentation will be focused on the use of unconstrained optimization in this context, a key
idea that substantially improved both the performance and robustness of the solver.
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We will present a method to compute the Pareto fronts of multi-objective infinite horizon op-
timal control problems with state constraints. The approach is based on the idea introduced in
[2] for the finite horizon case. First, a mono-objective auxiliary optimal control problem, free of
state constraints, is introduced. The zero level set of the value function of the auxiliary control
problem is related with the (weak) Pareto front of the multi-objective optimal control problem.
Moreover, a more detailed characterization of the Pareto front for the multi-objective infinite
horizon control problem is given. In the infinite horizon context, the value function of the aux-
iliary optimal control problem satisfies a Hamilton-Jacobi-Bellman equation, however it is not
the unique solution. Usually numerical approximations are analyzed (convergence and error esti-
mate) under the assumption that a comparison principle holds. Based on [3] a Semi-Lagrangian
method is proposed to compute the value function of the auxiliary control problem and the
proof of convergence results is obtained by using only the Dynamic Programming Principle.
Furthermore, we discuss an extension of the trajectory reconstruction algorithm [1] to the case
of Pareto solution of infinite horizon control problems
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Reeb’s circle

We consider the 2-vortex problem in the plane whose dynamics
is q̇(t) = F0(q(t)) + u1(t)F1(q(t)) + u2(t)F2(q(t)), where q :=
(x, y) ∈ M := R

2 \ {0} is a passive particle moving under the
influence of a vortex, where the current F0 := µ

x2+y2
(−y ∂

∂x
+

x ∂
∂y
) can be, at q, weak (‖F0(q)‖ < 1), strong (‖F0(q)‖ > 1) or

intermediate (‖F0(q)‖ = 1), where F1 := ∂
∂x

, F2 := ∂
∂y

define the
control directions and where u := (u1, u2) ∈ U = L∞(R+, B(0, 1))
is the control. For q0 ∈ M given, we propose to construct the time-
minimal synthesis, that is to study the value function: T (q0, q1) := infu∈U tf s.t q(tf , q0, u) = q1.

First, we study the extremal flow. Thanks to the integrability of the system and a rotational
symmetry, we construct a Reeb’s component, that emphasizes the diaphragm shape of the flow,
in order to classify the extremals.
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Level sets: weak case

Then, for the synthesis, we distinguish the weak and strong cur-
rent cases. In the weak case we are reduced to a Randers metric,
the Finslerian framework then allows us to characterize the cut
locus and to construct the synthesis. In this case, the minimum
time function is continuous and there are no abnormal extremals.
On the other hand, the strong case goes beyond the Finslerian
framework because there are minimizing abnormals that induce
the loss of continuity of the value function and give a fan shape

to the short time balls. In this work, we establish two results, a first one on the continuity of
the value function and a second on the characterization of the cut locus which are essential to
construct the optimal synthesis.

➤

➤

abnormals

sphere

Small ball: strong case

Besides, this toy model classifies the role of abnormal
trajectories in optimal control and geometry. Further-
more, it is the starting point to analyze the general cases
with several vortices which, in the Hamiltonian frame
[4], has applications in hydrodynamics and in the N-
body problem.
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Online Advertising heavily relies on auctions to sell advertising space. In this context, sellers
(Ad Exchanges) and buyers (advertisers) repeatedly play one against each other at the rate
of billions of auctions a day. In order to learn policies to play this game, not only the players
(bidders and seller) need to formalize well the behavior of their opponents, but also face complex
optimization problems: adversarial by definition, online by constraint.
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1 Model

We consider the problem of finding optimal classifiers in an adversarial setting where a defender
observes the behavior of users through a feature vector v with a finite set of possible values V

and must decide whether this behavior is malicious (class-1) or non-malicious (class-0). A vector
is considered malicious if it comes from an attacker (which aims to maximize its utility) and
non-malicious if it is comes from a normal user (which behavior is described with a probability
distribution over feature vectors). Such a setting can be seen for example in credit card fraud
where a given transaction can either be malicious if it comes from a thief (who then gains money
if the transaction is successful) or non-malicious if it comes from a client of the bank. Unlike
other models in the literature we deal with an attacker whose objective is not known to the
defender.
To model this situation, we propose a Bayesian game framework inspired from [1] where the
defender chooses a classifier with no a priori restriction on the set of possible classifiers. The
key difficulty in the proposed framework is that the set of possible classifiers is exponential in
the number of possible attacks.

2 Results

We first prove that the strategy set of the defender can be effectively reduced by computing
the optimal probability of detection for each vector instead of the full strategy of the defender.
Such reductions are commonly found in security games and would allow us to find the Bayesian
Nash equilibrium in polynomial time. However, the number of possible attacks can itself be
exponentially large (relative to the number of features used for classification). To counter this,
we show that the equilibrium can be characterized completely via functional threshold classifiers
with a small number of parameters (depending only on the number of possible types of attackers)
which:

• Can be computed in polynomial time in the number of attacks.

• Can be approximated with limited knowledge of the parameters of the game.

• Can be trained on subsets of V with provable efficiency.

• Can be used in models where V is continuous.
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Costly-signaling games have a remarkably wide range of applications, from education as a costly
signal in the job market over handicaps as a signal for fitness in mate selection to politeness in
language. While the use of game-theoretic equilibrium analysis in such models is often justified
by some intuitive dynamic argument, the formal analysis of evolutionary dynamics in costly-
signaling games has only recently gained more attention. In this paper, we study evolutionary
dynamics in two basic classes of games with two states of nature, two signals, and two possible
reactions in response to signals: a discrete version of Spence’s (1973) model and a discrete version
of Grafen’s (1990) formalization of the handicap principle. We first use index theory to give a
rough account of the dynamic stability properties of the equilibria in these games. Then, we
study in more detail the replicator dynamics and to some extent the best-response dynamics.
We relate our findings to equilibrium analysis based on classical, rationality-oriented methods
of equilibrium refinement in signaling games.
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Following the ideas laid out in Myerson [2], Hofbauer [1] defined an equilibrium of a game as
sustainable if it can be made the unique equilibrium of a game obtained by deleting a subset
of the strategies that are inferior replies to it, and then adding others. Hofbauer also formalized
Myerson’s conjecture about the relationship between the sustainability of an equilibrium and its
index: for generic games, an equilibrium is sustainable iff its index is +1. von Schemde and von
Stengel [3] proved this conjecture for bimatrix games. This paper shows that the conjecture is
true for all finite games.
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Big Data are at the heart of all substantial progress in current machine learning with impact
on self driving cars, softwares outperforming human efficiency standards, decision making in
medicine, law, chess or Go. Nevertheless, data from real-world experiments oftentimes tend to
be corrupted with outliers and/or exhibit heavy tails. For instance, data from finance, often
suffer from heavy-tailed phenomena. Also, gene expression data are usually not clean and may
be corrupted by the presence of outliers. Fraud detection is another form of outlier detection.
Catoni’s program on robustness.In order to address these challenging data analytics prob-
lems, there is an urgent need for methods that automatically correct for such undesirable phe-
nomena. This program was initiated by Catoni for the estimation of the mean on the real line
and Audibert and Catoni in the least-squares regression framework. To the best of our knowl-
edge, estimation of the mean of a real valued random variable is still best performed using the
Median-of-Means (MoM) approach. In regression models, Median of Means can handle outliers
or heavy tails in the covariates as well as in the reponse.
The MoM estimator. One usually defines the Median of Means estimator of associated with
any function f , any permutation π and any number of groups K|N , as

MoMπ
K [f ] = median
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kN/K
∑

i=(k−1)N/K+1

f(Xπ(i))







k=1,...,K



 . (1)

Let X1,. . . ,XN denote a sample from distribution P , taking values in R
d. Statistical estimation

is usually performed via solving

min
f∈F

MoMπ
K [f ]. (2)

Since early work of Catoni, Lerasle, Oliveira, Lugosi and Mendelson among others, MoM esti-
mators have been extensively studied lately. See e.g. [2] and the references therein. The only
existing result on the computability of MoM estimators is proposed in [1]. However this last
work’s proposal is based on SDP relaxation of Sum of Squares certificates and the resulting
approach is not scalable using nowaday’s available toolboxes.

Our results. In the present work, we propose a new scalable approach to MoM estimation based
on resampling at each iteration of a stochastic Langevin sampler. We prove polynomial time
convergence with high probability based on hitting time analysis and give new underpinnings to
some observations in [2].
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We analyze zero-sum games between two designers who provide information to a decision maker
(DM). Before the DM takes its decision, designers repeatedly disclose information about fixed
state parameters. Designers face admissibility constraints on distributions of posterior beliefs
they can induce. Our main results characterize equilibrium payoffs and strategies for various
timings of the game: simultaneous or alternating disclosures, with or without deadline.

We define concave and convex closure of functions of beliefs along correspondences of ad-
missible distributions of posterior. We show that the value of the game without deadline is the
unique solution v of a Mertens-Zamir system of equations

v(p, q) = cav
p

min(u, v)(p, q) = vex
q

max(u, v)(p, q)

where u(p, q) is the realized payoff as function of the beliefs (p, q) of the DM about the state
parameters, cavp is the concave closure operator with respect to p along the admissibility corre-
spondence, vexq is the convex closure operator with respect to q along the admissibility corre-
spondence.

We also show that in equilibrium, information is disclosed in a single stage when all distri-
butions of posteriors are admissible. With constraints, there may be no bound on the number
of stages used to disclose information in equilibrium.
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Following the breakthrough work of Tardos (Oper. Res. ’86) in the bit-complexity model, Vavasis
and Ye (Math. Prog. ’96) gave the first exact algorithm for linear programming in the real
model of computation with running time depending only on the constraint matrix. For solving
a linear program (LP) max c⊤x, Ax = b, x ≥ 0, A ∈ R

m×n, Vavasis and Ye developed a
primal-dual interior point method using a ‘layered least squares’ (LLS) step, and showed that
O(n3.5 log(χ̄A + n)) iterations suffice to solve (LP) exactly, where χ̄A is a condition measure
controlling the size of solutions to linear systems related to A.
Monteiro and Tsuchiya (SIAM J. Optim. ’03), noting that the central path is invariant under
rescalings of the columns of A and c, asked whether there exists an LP algorithm depending
instead on the measure χ̄∗

A, defined as the minimum χ̄AD value achievable by a column rescaling
AD of A, and gave strong evidence that this should be the case. We resolve this open question
affirmatively.
Our first main contribution is an O(m2n2+n3) time algorithm which works on the linear matroid
of A to compute a nearly optimal diagonal rescaling D satisfying χ̄AD ≤ n(χ̄∗)3. This algorithm
also allows us to approximate the value of χ̄A up to a factor n(χ̄∗)2. This result is in (surprising)
contrast to that of Tunçel (Math. Prog. ’99), who showed NP-hardness for approximating χ̄A to
within 2poly(rank(A)). The key insight for our algorithm is to work with ratios gi/gj of circuits of
A—i.e., minimal linear dependencies Ag = 0—which allow us to approximate the value of χ̄∗

A

by a maximum geometric mean cycle computation in what we call the ‘circuit ratio digraph’ of
A.
In our second main contribution we develop a scaling invariant LLS algorithm, which uses
and dynamically maintains improving estimates of the circuit ratio digraph, together with a
refined potential function based analysis for LLS algorithms in general. With this analysis, we
derive an improved O(n2.5 log n log(χ̄∗

A + n)) iteration bound for optimally solving (LP) using
our algorithm. The same argument also yields a factor n/ log n improvement on the iteration
complexity bound of the original Vavasis-Ye algorithm.
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Mean field games are concerned with the limit of large-population stochastic differential games
where the agents interact through their empirical distribution. In the classical setting, the number
of players is large but fixed throughout the game. However, in various applications, such as
population dynamics or economic growth, the number of players can vary across time which
may lead to different Nash equilibria. For this reason, we introduce a branching mechanism in
the population of agents and obtain a variation on the mean field game problem. As a first
step, we study a simple model using a PDE approach to illustrate the main differences with the
classical setting. Then we study the problem in a general setting by a probabilistic approach,
based upon the relaxed formulation of stochastic control problems.
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♥✉♠❡r✐❝❛❧ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ♦❢t❡♥ ❢❛❧❧❜❛❝❦s t♦ ❛ ✜rst ♦r❞❡r ♠❡t❤♦❞✳ ❍♦✇❡✈❡r✱ ✐❢ t❤❡
s✐③❡ ♦❢ t❤❡ ❞❛t❛s❡t ✐s ♥♦t t♦♦ ❧❛r❣❡✱ s❡❝♦♥❞ ♦r❞❡r ♠❡t❤♦❞s ❛❧s♦ ❤❛✈❡ ♣r♦✈❡♥ t♦ ❜❡ ❡✛❡❝t✐✈❡ ❬✸❪✳
■♥ t❤✐s t❛❧❦✱ ✇❡ st✉❞② t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ ❧♦❣✐st✐❝ r❡❣r❡ss✐♦♥ ♣r♦❜❧❡♠s ✇✐t❤ ❛ ❝♦♠♠❡r❝✐❛❧ ✐♥t❡r✐♦r
♣♦✐♥t s♦❧✈❡r✱ ❆rt❡❧②s ❑♥✐tr♦ ❬✷❪✳ ❲❡ ✜rst ♣r♦✈✐❞❡ ♥✉♠❡r✐❝❛❧ st✉❞✐❡s s❤♦✇✐♥❣ t❤❛t ❑♥✐tr♦ ❜❡❤❛✈❡s
✇❡❧❧ t♦ ✜t ❧♦❣✐st✐❝ r❡❣r❡ss✐♦♥ ♠♦❞❡❧s✱ ❜♦t❤ ✇✐t❤ ℓ1 ❛♥❞ ℓ2 ♣❡♥❛❧t✐❡s✳ ❲❡ ❝♦♠♣❛r❡ ❑♥✐tr♦ ✇✐t❤
t❤❡ s♦❧✈❡r ▲✲❇❋●❙✲❇ ❬✺❪✱ ❝✉rr❡♥t❧② ✉s❡❞ ✐♥ t❤❡ ❧✐❜r❛r② ❙❝✐❦✐t✲▲❡❛r♥ ❬✹❪✳ ■♥ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢
t❤❡ t❛❧❦✱ ✇❡ ❢♦❝✉s ♦♥ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♦❢ r❡❣✉❧❛r✐③❛t✐♦♥ ❤②♣❡r♣❛r❛♠❡t❡rs✳ ❲❡ s✉♣♣♦s❡ ❣✐✈❡♥
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Alternative Current Optimal Power Flow (ACOPF) is naturally formulated as a non-convex
problem. In that context, solving (ACOPF) to global optimality remains a challenge when classic
convex relaxations are not exact. We use semidefinite programming to build a quadratic convex
relaxation of (ACOPF). We show that this quadratic convex relaxation has the same optimal
value as the classical semidefinite relaxation of (ACOPF) which is known to be tight. In that
context, we build a spatial branch-and-bound algorithm to solve (ACOPF) to global optimality
that is based on a quadratic convex programming bound. An advantage of our approach is that
we capture the strength of semidefinite programming bounds into a quadratic convex program
that is known to be faster to solve.
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Crude oil procurement is subject to variations in shipping delays and random costs. The optimal

procurement problem aims at buying oil for refineries so as to maximize net revenue. The plants

owned by a company have different specifications, and so have the crude oil available on the

market. In our setting of the problem, we focus on the stochasticity of the costs of oil, shipping

and of the prices of the products. The dynamic of the system over time, the shipping delays,

and the running of a refinery are supposed to be deterministic.

In this presentation, we will first focus on identifying controls and states variables to build a

suitable model for the crude oil procurement problem. The resulting problem is a multistage

stochastic optimization problem, which, due to its huge size, is impossible to solve as such. We

then discuss the model and explain why the problem can be considered as a multi-stopping time

problem. Finally, we take advantage of the peculiar structure of the problem to reduce its size

and discuss possible resolution techniques.
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We address restoration of uniqueness for finite state MFGs by using a relevant form of common

noise and then show, in the potential case, how this may help for selecting solutions to the

corresponding MFG without common noise.
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Classical mean field game theory [6, 4, 5] focusses on risk neutral agents. However in many
economics applications it is very natural to consider risk aversion. Risk sensitive case and worst
case have been studied by T. Başar and al. in recent works [2], [3]. Our approach is different, we
use the theory of risk measure developed by Artzner and al. [1] to build an economic framework
in which agents interacts through the prices under risk aversion. We study a discrete time,
continuous space system of dynamic programming and Kolmogorov equations. One main feature
of the dynamic programming equation is the presence of a risk measure. This equation can be
derived from a general cost designed with a composite risk measure [7, 8]. The study of the
dynamic programming equation is performed via the theory of proximal operators. We show
the existence of an equilibrium of the game via a classical fixed point technique, under suitable
assumptions.
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Shape from Shading is a classical problem in compute vision. It consists in reconstructing the
3D shape of an object from a 2D image. A PDE formulation of this problem gives rise to a
PDE of the form H(x,Du) = 0 on Ω where Ω is a domain of Rd and H : Ω × R

d → R is the
Hamiltonian. To every Hamiltonian one can associate a Finsler metric σ which characterise the
set of all subsolutions of HJ equation via its dual σ∗. We show [1] that the maximal viscosity
subsolution is also solution of a maximization problem of the form

max
u

{

∫
Ω

udx : σ∗(x,∇u) ≤ 1 + boundary conditions.}

Using duality, we end up with a problem of the form

inf
u
sup
φ

F(u) + 〈∇u, φ〉 − G∗(φ) (1)

for appropriate functionals F and G. The problem (1) falls into the scope of [3] and thus offers
an alternative to the commonly used approaches to tackle the SfS problem.
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We discuss the solution of nonconvex mixed integer quadratic optimization problems. The ap-

proach that Gurobi takes on solving such problems to global optimality is based on the Mc-

Cormick relaxation of bilinear constraints: Each quadratic constraint is reformulated as a set

of bilinear constraints, and their McCormick relaxations are then used within a branch-and-

bound algorithm. We outline the key algorithmic components that are involved: Reformulations,

branching rules and cutting planes.
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